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Abstract
We propose a formal definition of a general reference frame in a gen-
eral spacetime, as an equivalence class of charts. This formal definition
corresponds with the notion of a reference frame as being a (fictitious)
deformable body, but we assume, moreover, that the time coordinate
is fixed. This is necessary for quantum mechanics, because the Hamil-
tonian operator depends on the choice of the time coordinate. Our
definition allows us to associate rigorously with each reference frame F,
a unique “space” (a three-dimensional differentiable manifold), which
is the set of the world lines bound to F. This also is very useful for
quantum mechanics. We briefly discuss the application of these con-
cepts to Go¨del’s universe.
1 Introduction
While the notion of an inertial reference frame in a Minkowski spacetime is
easy to define, the notion of a general reference frame in a general spacetime
is not. In the field of relativity and gravitation, it is of course often alluded
to reference frames or to reference systems, in different contexts. In the
literature on relativistic celestial mechanics and post-Newtonian calculations,
this means essentially a coordinate system, thus mathematically a local chart
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χ defined in some open domain U of the spacetime manifold V. Then, a
such coordinate system is usually “attached”, in some sense, to a relevant
astronomical body or system of bodies: e.g., to the Sun, to the barycenter of
the solar system, to some planet, etc. (see e.g. Refs. [1, 2, 3, 4]). However,
if one changes the spatial coordinates in a way that does not depend on the
time coordinate:
x′0 = f((xµ)), x′j = f j((xk)) (j, k = 1, 2, 3), (1)
then any element of matter which is “at rest” in the initial system, i.e., which
has time-independent spatial coordinates in that system, will obviously re-
main “at rest” in the new system of coordinates. Thus, Landau & Lifshitz [5],
while studying the distances and time intervals in general relativity, consid-
ered that every “physically admissible” spacetime coordinate system defines
a reference frame, but that any coordinate change of the form (1) leaves us
in the same reference frame.
The notion which remains implicit in most of this literature is that a
general reference frame is some kind of fictitious fluid, thus is a fictitious
body which is deformable in a general way, and that every fluid particle
is represented by a world line in spacetime. (Note that spatial sections of
spacetime are not truly relevant, because these are just sets of events, which
do not last any time. Whereas, for a reference frame in the physical sense,
there are “point observers” attached with it, that exist at least for some open
interval of time—thus world lines, really.) This notion, according to which
a general reference frame corresponds with a “three-dimensional congruence
of world lines”, was made explicit more than fifty years ago by Cattaneo [6].
As he noted, the physical admissibility of some coordinate system, which can
be expressed by the condition [6]
g00 > 0, gjkdx
jdxk < 0, (2)
allows one to regard the coordinate lines
x0 variable, xj = constant for j = 1, 2, 3 (3)
as the trajectories of the particles constituting the reference fluid. [We are
using the (+−−−) signature.] In fact, the condition (2)1 alone ensures that
the tangent vector to any such line is time-like. Thus, within its own domain
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U, any admissible chart on the spacetime, χ : X 7→ (xµ), defines a unique
“reference fluid”, given by its four-velocity field v: the components of v in
the chart χ are
v0 ≡ 1√
g00
, vj = 0. (4)
The vector (4) is invariant under the “internal changes” (1), provided that
they satisfy ∂x′0/∂x0 > 0. Conversely, if we are given a unit (four-velocity)
vector field v, then the coordinate systems adapted to the corresponding ref-
erence fluid are the ones in which v has the form (4). Thus, one possible
definition of a reference frame is: a time-like vector field [7].
We note that another definition of a “frame” is also used, notably in the
metric-affine literature (see e.g. Refs. [8, 9, 10, 11]): there, this name, or
the more precise expression “moving frame”, refers to a field of bases, thus it
refers to a map X 7→ (uα(X)), where (uα(X)) is a basis of the local tangent
space TVX . Usually these bases are chosen to be orthonormal, in which case
the field (uα(X)) is more commonly called a tetrad field. This other notion is
also a useful one, of course. However, it is definitely different from the former
notion of a reference frame as a three-dimensional congruence of world lines.
In fact, if one of the normed basis vectors, say the first one u0, is time-like, it
alone suffices to define a reference frame F, characterized by its four-velocity
field v ≡ u0. Thus the other vectors of the basis, uj (j = 1, 2, 3), are generally
not “attached” to F, e.g. they may be rotating w.r.t. F.
The present work originates from a study of the Hamiltonian operator H
associated with the Dirac equation in a curved spacetime [13]. It was noted
that this operator H is invariant only under purely spatial changes:
x′0 = x0, x′j = f j((xk)). (5)
This fact applies to any wave equation of relativistic quantum mechanics,
provided [13] that its wave function ψ transforms either as a scalar or as a
four-vector. 1 In other words, the Hamiltonian operator depends on the refer-
ence frame and on the choice of the time coordinate. Therefore, in this paper,
1 For the standard (Fock-Weyl) version of the Dirac equation in a curved spacetime,
ψ transforms as a quadruplet of scalar fields (see e.g. Ref. [12]). For two alternative
versions of the Dirac equation in a curved spacetime (see Ref. [13] and references therein),
ψ transforms as a vector field.
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we formalize a more specific notion of reference frame, in which only purely
spatial changes (5) are allowed: a reference frame will be essentially an equiv-
alence class of chartsmodulo the relation (5), see the formal definition below.
This formal definition allows us to associate rigorously with each reference
frame, a unique “space” M, which is a three-dimensional differentiable man-
ifold. This turns out to be very useful—in our opinion, even necessary—in
the discussion of the Hamiltonian operator, the Hilbert space scalar product,
and the hermiticity of the Hamiltonian [13]. Indeed, the axioms of quantum
mechanics need to introduce a space of “states”, each of which is a function
depending only on the space coordinates: ψ = ψ((xj)). As is well known, it
is on this space of states H that the operators of quantum mechanics, e.g.
the Hamiltonian H, are acting. (Of course they are unbounded operators, i.e.
they are defined on subspaces of H.) In the absence of an intrinsic notion
of a space manifold, the very space of states H would depend on the choice
of the coordinate system, which is hardly acceptable. In contrast, once we
have a space manifold M, the states can be defined intrinsically as functions
of the point x ∈ M. To our knowledge, these results are new. In particular,
except for allusions in previous works by one of us [14, 15], we are not aware
of another work associating a unique three-dimensional space manifold with
a general reference frame in a general spacetime.
2 Definition of a reference frame F
Equation (5) introduces a relation between two coordinate systems or charts
χ and χ′ on the spacetime V. That relation involves the transition map
F ≡ χ′ ◦ χ−1, with F (X) = X′ ≡ (x′µ) ≡ (F µ(X)) and X ≡ (xµ). Note
that the domain (of definition) of the map F is the very intersection of the
domains of the two charts, more precisely it is χ(Dom(χ) ∩Dom(χ′)). There-
fore, to define an equivalence relation between charts based on Eq. (5), we
must limit ourselves to charts whose domains all contain some open subset
U ⊂ V:
Theorem A. Let V be a differentiable manifold of dimensionN+1 (N ≥ 1)
and let A be the atlas that defines the manifold structure of V. For any open
set U ⊂ V, define the subset AU ≡ {χ ∈ A; Dom(χ) ⊃ U} of the atlas A.
Let the open set U be such that AU is non-empty and, for any two charts
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χ, χ′ ∈ AU, set
χRUχ′ iff [∀X ∈ χ(U), F 0(X) = x0 and ∂F
j
∂x0
(X) = 0 (j = 1, ..., N)], (6)
where F ≡ χ′◦χ−1 is the transition map, whose domain χ (Dom(χ) ∩Dom(χ′))
contains χ(U). Then RU is an equivalence relation on AU. The equivalence
classes for this relation are called reference frames (over the domain U).
Proof. i) By definition, U ⊂ Dom(χ), whence χ(U) ⊂ χ(Dom(χ)), for all
χ ∈ AU. It follows that ∀χ ∈ AU, χRUχ, since F = Idχ(Dom(χ)) in that case.
That is, the relation RU is reflexive.
ii) If χRUχ′, letX′ ∈ χ′(U), so that the transition mapG ≡ χ◦χ′−1 = F−1
is defined in a neighborhood of X′. We have X ≡ G(X′) ∈ χ(U), and
X′ = F (X). In particular, x′0 = F 0(X) = x0 ≡ G0(X′). Furthermore, we
have
0 =
∂Gj
∂x′ν
∂F ν
∂x0
=
∂Gj
∂x′0
∂F 0
∂x0
+
∂Gj
∂x′k
∂F k
∂x0
=
∂Gj
∂x′0
, (7)
hence χ′RUχ: the relation RU is symmetric.
iii) If χRUχ′ and χ′RUχ′′, we have
∀X ∈ χ(U), F 0(X) = x0 and ∂F
j
∂x0
(X) = 0, (8)
as well as (setting F ′ ≡ χ′′ ◦ χ′−1)
∀X′ ∈ χ′(U), F ′0(X′) = x′0 and ∂F
′j
∂x′0
(X′) = 0, (9)
and therefore, with F ′′ ≡ χ′′ ◦ χ−1 = F ′ ◦ F ,
∀X ∈ χ(U), X′ ≡ F (X) ∈ χ′(U) and
F ′′0(X) = (F ′ ◦ F )0(X) = F ′0(F (X)) = F ′0(x0, (x′j)) = x0. (10)
Moreover, we may write
∀X ∈ χ(U), ∂F
′′j
∂x0
=
∂F ′j
∂x′0
∂F 0
∂x0
+
∂F ′j
∂x′k
∂F k
∂x0
= 0× ∂F
0
∂x0
+
∂F ′j
∂x′k
× 0 = 0.(11)
Eqs. (10) and (11) show that χRUχ′′: the relation RU is also transitive.
Q.E.D.
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Thus, all charts χ ∈ F are defined on an a priori given open set U.
That is, a reference frame F is an equivalence class of parametrizations for a
given open parametrizable subset U ⊂ V of the spacetime V. The equivalence
relation between charts is defined by Eq. (6), thus two charts are equivalent
iff i) both are defined on U and ii) inside U, they are related together by a
purely spatial change (5). The restriction to charts whose domain contains
an a priori given open set U is enough for quantum mechanics in a curved
spacetime, in so far as we may suppose that the wave functions ψ have suit-
able boundary or asymptotic behaviour with respect to the space coordinates
of U in every chart adapted to the reference frame F. Mathematically, one
might then assume that the relevant manifold is U and is thus diffeomorphic
to R4 or to a subset of it. However, no restriction on the spacetime V as a
whole has to be imposed.
3 Definition of the associated space manifold
M
The three-dimensional space manifold M associated with a reference frame F
(the latter term being understood in the sense precised just above) will be,
in somewhat imprecise terms,
“ the set of the world-lines of the observers bound to F—i.e., whose spa-
tial coordinates xj do not depend on the time x0, in any chart of the class F”.
The formal definition of the differentiable manifold M will involve several
steps: we will first define the set M, then we will define a topology on M,
and finally we will equip this topological space with an atlas of charts. For
physics, we will assume N = 3, but this is by no means necessary in any
proof. Since the domain of any chart χ ∈ F contains U, we may and will
henceforth restrict those charts to the open set U exactly. And we put the
Definition A. Let U be a parametrizable open set in V, and let F be a
class modulo RU. A “world line bound to F” is a subset l of U such that, for
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some χ ∈ F,
∃x ∈ R3 : l = χ−1(Iχx × {x}), (12)
where
Iχx ≡ {s ∈ R; (s,x) ∈ χ(U)}. (13)
Note that this definition implies that l is indeed a world line in U, i.e.,
l is the range l = L(Iχx) with Iχx an open subset of the real line R and
L : s 7→ χ−1(s,x) a smooth mapping from Iχx to U. The following shows
that the statement “l is bound to F” does not depend on a particular chart
χ ∈ F:
Proposition A. Let F be a class modulo RU, and let l be a world line
bound to F. Then, for any χ′ ∈ F, we have (12), i.e.,
∃x′ ∈ R3 : l = χ′−1(Iχ′ x′ × {x′}), (14)
with [F ≡ χ′ ◦ χ−1 being the transition map satisfying (6)]:
x′ ≡ (F j(x)) ≡ f(x). (15)
Proof. The definition (12)–(13) is equivalent to say that, for some chart
χ ∈ F and for some given x ∈ R3, we have:
X ∈ l ⇐⇒ ∃s ∈ R : χ(X) = (s,x). (16)
(In other words,
X ∈ l ⇐⇒ PS(χ(X)) = x, (17)
where PS : R
4 → R3, X ≡ (xµ) 7→ x ≡ (xj), is the spatial projection.)
Using the definition (6) of the equivalence relation between charts, which is
satisfied by all pairs (χ, χ′) in the same class F, we may thus write as well,
for any other chart χ′ ∈ F:
X ∈ l ⇐⇒ ∃s ∈ R : χ′(X) = F (χ(X)) = (s,x′), x′ ≡ (F j(x)). (18)
This proves Proposition A.
We may then define the space M:
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Definition B. Let F be a reference frame, i.e., a class modulo RU (6) for
some parametrizable open set U ⊂ V. The space M associated with F is the
set of all world lines bound to F.
Proposition B. For any event Y ∈ U, there is a unique world line l ∈ M
such that Y ∈ l.
Proof. If there is any such world line l, then its definition in a chart χ ∈ F
(indeed in any chart χ ∈ F, by Proposition A), must be (16) or equivalently
(17), with
x ≡ PS(χ(Y )). (19)
Thus, the constant spatial projection x is uniquely defined, and so is then
the world line (17). Q.E.D.
Definition C. Let F be a reference frame, let l be a world line in the
associated space M, and let χ be any chart in the class F. The “associated
chart” is the mapping
χ˜ : M→ R3, l 7→ x with {x} ≡ PS(χ(l)). (20)
Proposition C. Consider the set T of the subsets Ω ⊂ M such that,
∀χ ∈ F, χ˜(Ω) is an open set in R3. (21)
It is a topology on M.
Proof. i) Clearly, ∅ ∈ T .
ii) To show that M ∈ T , take any χ ∈ F. From the definition (20), it
follows that χ˜(M) ⊂ PS(χ(U)) ≡ Wχ. The latter is an open set in R3, since
a) U is an open set in V, b) χ is bicontinuous, and c) PS, as a linear mapping
of the finite-dimensional vector space R4 onto the finite-dimensional vector
space R3, is an open mapping. Moreover, let x ∈ Wχ, thus x = PS(χ(Y ))
for some Y ∈ U. By Proposition B, there is a unique world line l ∈ M such
8
that Y ∈ l. We have then by (17): {x} = PS(χ(l)), that is x = χ˜(l) by (20).
Thus, Wχ ⊂ χ˜(M), whence χ˜(M) = Wχ. Hence M ∈ T since, for any χ ∈ F,
Wχ is open.
iii) Let us show that the intersection of two elements of T belongs to
T . To this aim, we observe that, for any χ ∈ F, χ˜ is a one-to-one mapping
from M onto χ˜(M). Indeed, it follows from (17) that the world line l ∈ M is
determined uniquely by the data x, with {x} = χ˜(l) ≡ PS(χ(l)). Hence, if
Ω1 and Ω2 ∈ T , the set χ˜(Ω1 ∩ Ω2) = χ˜(Ω1) ∩ χ˜(Ω2) is an open set, for any
χ ∈ F, hence Ω1 ∩ Ω2 ∈ T .
iv) Finally, from the definition (21), one checks trivially that any union
of elements of T is still an element of T . This completes the proof.
Theorem B. The set of the “associated charts”: F˜ ≡ {χ˜; χ ∈ F}, is an
atlas on the topological space (M, T ), hence defines a structure of differen-
tiable manifold on M.
Proof. i) We showed above that, for any χ ∈ F, χ˜ is a one-to-one mapping
from M onto χ˜(M). Thus, the inverse mapping χ˜−1 is well-defined on χ˜(M).
ii) From the definition (21) of the topology T , it follows immediately
that, for any open set W in R3, and for any open set W′ ≡ W ∩ χ˜(M)
in χ˜(M), the inverse range Ω ≡ χ˜−1(W) = χ˜−1(W′) is an open set in M,
Ω ∈ T ; and that, conversely, for any open set in M, Ω ∈ T , the inverse range
(χ˜−1)−1(Ω) = χ˜(Ω) is an open set in χ˜(M) ⊂ R3. That is, for any χ ∈ F, the
“associated chart” χ˜ is a bicontinuous mapping from M onto the open set
χ˜(M) ⊂ R3, thus is a chart on M, indeed.
iii) Let us show that any two charts χ˜, χ˜′ (with χ and χ′ ∈ F) are com-
patible. That is, let us show that the transition map F˜ ≡ χ˜′ ◦ χ˜−1, which is
defined on χ˜(M), is smooth. Let x ∈ χ˜(M). Thus, there exists an l ∈ M with
χ˜(l) = x, i.e., we have the equivalence (17). Taking X0 ∈ l, we have thus,
for some s ∈ R, χ(X0) = (s,x) ∈ χ(M). By Proposition A and Eq. (15), l
has also a constant spatial projection x′ = f(x) in the chart χ′, so that we
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get simply from the definition (20):
χ˜′ ◦ χ˜−1(x) = χ˜′(l) = f(x) ≡ (F j(x)). (22)
Since this is true for any x ∈ χ˜(M), it follows that the “associated”, spatial,
transition map F˜ is as smooth as is the spacetime transition map F .
iv) Finally, any single chart χ˜, associated with some χ ∈ F, already cov-
ers the whole of the space M, and thus constitutes by itself an atlas of the
manifold M. So a fortiori the set F˜ ≡ {χ˜; χ ∈ F}, is an atlas. This completes
the proof.
Note that, from the fact that one chart (in fact, all charts χ˜) is (are)
defined on the whole of the space manifold M, it follows that the topology of
M is Hausdorff and 2nd-countable.
4 Discussion
i) As a consequence of Theorems A and B, we may specify any event X in the
open subset U of the spacetime by the corresponding time t ≡ x0 ≡ PT (χ(X))
and by the spatial position x ≡ χ˜−1(PS(χ(X))) ∈ M, thus by the pair (x0, x).
This 1×3 decomposition is independent of the chart χ ∈ F, since a) the defi-
nition (6) of the equivalence relation implies that x0 does not depend on the
chart χ ∈ F, and b) by Proposition B and definition (20), x is the unique
world line x ∈ M that contains X . In a given chart χ ∈ F, we may also
specify the event X ∈ U by its coordinate set (xµ) = (x0,x) = χ(X) ∈ χ(U):
the intrinsic and coordinate decompositions are related by x = χ˜(x). The
foregoing results achieve the mathematical justification of the references to
the space manifold M in our work about the quantum mechanics of the Dirac
equation; see in particular the end of subsect. 4.1. in Ref. [13].
ii) It is striking that the present construction does not need any metrical
property of spacetime. Even the choice of the “time” coordinate x0 is ar-
bitrary: everything would still work if we would give its role to a spatial
coordinate xj instead. In the same way, the Dirac equation makes no for-
mal difference between the time coordinate and the space coordinates. Even
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the Dirac Hamiltonian, which allows one to rewrite the Dirac equation in
the Schro¨dinger form, would have the same general form shown in Ref. [13]
if, after a permutation of the indices, x0 were in fact a spatial coordinate.
However, the signature of the spacetime metric appears implicitly in the an-
ticommutation relation satisfied by the Dirac matrices. More specifically, a
sufficient condition for the positive-definiteness of the Hilbert space scalar
product is that the coordinate system be a physically admissible one in the
sense of Eq. (2) [13]. This condition contains, in particular, the demand that
the first coordinate x0 be a time-like coordinate, Eq. (2)1. And indeed, for a
physically admissible reference frame, the world lines l ∈ M, which are just
the lines “x0 variable, xj =Constant for j = 1, 2, 3”, should be world lines
of physical observers, thus should be time-like world lines in the spacetime
(V, gµν). It just turns out that this is not needed in our definition of a ref-
erence frame, nor in the construction of the 3-D manifold associated with it.
An example is Go¨del’s universe, whose line element ds is given by [16]:
ds2 = (dt + eκxdz)2 − dx2 − dy2 − 1
2
e2κxdz2, (23)
where κ is a constant parameter. Go¨del’s spacetime manifold is R4, so
that (t, x, y, z) are just the usual coordinates on R4. Note that both the
t–coordinate curves and the z–coordinate curves are time-like in Go¨del’s uni-
verse. Therefore, we may interchange the time-like t and z coordinates. After
this interchange: t⋆ = z, z⋆ = t, which implies moving to another reference
frame, the line element (23) becomes:
ds2 = (eκxdt⋆ + dz⋆)2 − dx2 − dy2 − 1
2
e2κxdt⋆2. (24)
Let F be the reference frame defined by the chart χ : X 7→ (t, x, y, z),
whose domain is the whole of R4. (In fact, χ is just the identity map
of R4.) Thus, F is the set of the charts defined on the whole of R4 and
which may be exchanged for the chart χ by a purely spatial change of co-
ordinates (5). Similarly, let F⋆ be the reference frame defined by the chart
χ⋆ : X 7→ (t⋆, x, y, z⋆). The 3-D manifolds M and M⋆, which we associate
with F and F⋆ respectively, are both diffeomorphic to R3, through the “asso-
ciated charts” χ˜ : M ∋ l 7→ (x, y, z) ∈ R3 and χ˜⋆ : M⋆ ∋ l⋆ 7→ (x, y, z⋆) ∈ R3.
Using results proved in Ref. [13], it can be shown that there is no relevant
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Hilbert space with a positive scalar product associated with the Dirac equa-
tion in Go¨del’s universe, neither in the reference frame F nor in the reference
frame F⋆. This is consistent with the fact that, in view of Eqs. (23) and
(24), neither of the coordinates (t, x, y, z) and (t⋆, x, y, z⋆) are admissible in
the sense of Eq. (2)—since they satisfy the condition (2)1 but not the con-
dition (2)2.
From the components of the spacetime metric gµν , we can define two
metrics on the 3-D manifold M associated with a reference frame:
• We can take the induced metric with the negative sign, thus
hjk = −gjk (j, k = 1, 2, 3). (25)
• Or, we can take Landau-Lifshitz and Møller’s definition—which was
shown by them to define the physically relevant spatial distances [5, 17]:
h′jk = −gjk +
g0jg0k
g00
(j, k = 1, 2, 3). (26)
If we consider the second form (24) of the Go¨del metric, corresponding with
the new reference frame F⋆, the definitions (25) and (26) give us:
(hjk) =


1 0 0
0 1 0
0 0 −1

 ; (h′jk) =


1 0 0
0 1 0
0 0 1

 . (27)
We note that the induced metric hjk on the 3-D manifold M
⋆ associated with
the reference frame F⋆ is homogeneous, but not positive-definite. In contrast,
the Landau-Lifshitz-Møller metric h′jk is homogeneous and isotropic, as well
as positive-definite, and in fact h′jk is Euclidean. This example confirms
that the Landau-Lifshitz-Møller spatial metric (26), not the induced metric
(25), is relevant to the spatial distances. 2 That is, the inhabitants of Go¨del’s
universe, if they lived in the reference frame F⋆, would discover Euclidean ge-
ometry from their measurements of distances and angles, just like Euclid did.
2 However, the condition that the coordinates are physically admissible, Eq. (2), con-
tains the positive-definiteness of the induced 3-D metric defined in Eq. (25). It is condition
(2) which ensures that the Hilbert space scalar product for the Dirac equation is positive-
definite [13].
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iii) In Section 3, we assumed that the dimension of the spacetime V is
N + 1 = 4, for an obvious physical reason. However, all proofs, hence all
results above, work exactly the same if one substitutes any positive integer N
for the particular integer 3, and N +1 for 4. Thus, also the dimension of the
spacetime can be taken to be an arbitrary integer (≥ 2) in the present results.
iv) Our definition of a reference frame is restricted to a parametrizable open
domain of the spacetime. As we outlined, this seems to be acceptable for
the “practical” application to quantum mechanics in a curved spacetime.
On the other hand, that is not fully satisfactory from the viewpoint of the
global topology of spacetime—although we did not need to assume anything
about it for the present results. However, it does not seem possible to define
a relevant equivalence relation between charts, as the relation (6), if the
different charts are not defined in a common domain U.
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